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Abstract--Consideration is given to the method of solution of the molar-molecular heat- and mass-transfer 
problems which is based : on the transformation of the first and the second boundary-value problems for a 
system of equations into the three boundary-value problems for the heat-conduction equation; on the use of 
the generalized variational principle written down for the transformed equations; and on the use of the 

concept of a “layer” for the combined potential of transfer. 

X, 
Fo, 
6 
Pn, 
Ko, 
LU, 
Bu, 
LU,, 

Ki,, 
Kim, 
6,(X, Fo), 
8*(X, F4, 

@3(X, Fo), 

r, 

NOMENCLATURE 

dimensionless spatial coordinate; 
Fourier number ; 
phase transformation criterion; 
Posnov number ; 
Kossovich number ; 
Luikov number; 
Bulyguin number; 
criterion for coupling between the 
molar heat and mass transfer; 
heat-transfer Kirpichyov number; 
mass-transfer Kirpichyov number ; 
dimensionless temperature; 
dimensionless potential for mass 
transfer ; 
dimensionless potential for flow mass 
transfer ; 
shape factor (F = 0 for an infinite plate, 
F = 1 for an infinite cylinder, F = 2 for 
a sphere). 

INTRODUCDON 

FOR THE purpose of intensifying heat- and mass- 
transfer processes, use is made of high temperatures 
and pressures. This leads to a pressure gradient inside 
the moist material which results in molar transfer of 
the substance. The molecular processes and the molar 
transfer occurring simultaneously cause a qualitative 
change in the mechanism of interrelated heat- and 
mass-transfer. An analytical study of the problem is 
based on the use of a system of differential equations of 
the form 

2 = Lu, !?!? + f!!? [ax2 x,x] _ c%!!w& + A,(X,Fo), 

(1) 

Here A, (i = 1,2,3) are the functions accounting for the 
heat and mass sources and sinks. System (1) may be 
considered subject to the initial conditions 

e,(x,o)= ~~(x,of= e,(x,o)=o; 

symmetry conditions 

(2) 

ah 
z (0, Fo) = g (0, Fo) = 2 (0, Fo) = 0 (3) 

and the boundary conditions of the first kind 

B,(l,Fo) = R,(Fo), 

t&(1, Fo) = R,(Fo), 

W, Fo) = R,(Fo), 

(4) 

or the boundary conditions of the second kind 

a&u, F4 
3X 

- Ki,(Fo) + NKi,(Fo) = 0, 

- a~2K Fo) + Pn ae,u, F4 

dX f?X 
+ Ki,(Fo) 

Bu Lu, t3%,(1, Fo) 

+;oLu ax = 
o 

a%,& f-4 
ax 

= B(Fo). 

Here RI (i = 1,2,3), Ki,,,, Ki, and B are the known 
functions of time and N = (1 - E) KoLu. 

The available rigorous methods for the study of 
problems (l)-(5) lead to cumbersome solutions [l], 
the use of which in practice is found to be difficult in a 
number of cases. 

Let us consider the possibility of obtaining simple 
approximate variational solutions of the system of 
molar-moi~ular heat- and mass-transfer equations (1) 
under the boundary conditions (2)-(5). 
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GENERALIZED VARIATIONAL PRINCIPLE second kind, (4) and (5), are written down in the form 

It is known [2] that for the approximate solutions to of (9) and (lo), respectively [3] : 
be obtained, the system ofequations (1) may be written 
in an equivalent form of the system of three non- 

Zi( 1, Fo) = a+( Fo), (9) 

connected parabolic-type equations with respect to 
combined potentials 

?Zi 
(Ilx (1. Fo) = Fi(F0). (10) 

Z((X, F”) = p(B*(Xf FO) $ qiB2(X, FO) + rJU,(X, FO). where 
(6) 

Let us assume that here and henceforth the subscript 
i will have the values 1, 2, 3. 

Theconstant ~oe~cientson the RHSof{6)areofthe 
form 

QIi(Fo)= piR,(Fo)+ q,R2(FO)+ r,R,(Fo); 

F,(Fo) =&f;:Ki,(Fo) + ~i~~~(~o) + Y$(Fo); 

.fi = pi + qiPn ; 

v: - 1 
PI = 1,41=- 

Lu,BuPn 

P?l ' 'l = Rid, - 1) LuKo(v: - ij 
BuLu 

Y*=ri + qizf. 

pz = Pn 
Ltc,Bu 

v2, q2 = 1, r2 = I- ---. , 
2 (v,Lu, - 1) LuKo 

With the solutions, Z,, of equations (7) known, the 
potentials Br sought are expressed in terms of these 
solutions as : 

PnLu,Bu 

lJ3 = (vi - l)($LU, - 1)LuKO 

93 = 
(v:Lu,- 1)LuKo r _ *. 

Lu,Bu 1 3 - 

Here v1 are the roots of the equation 

v6 - &v4 + pzv2 - p3 =o, 

where 

&=l+eKoPn+++;&; 

1 q1 rl 

A= pz 1 r2 #O; Air?= 

P3 q3 1 

1 ZI rl 

A,, = p2 Z, r2 ; AS, = 

P3 z3 1 

z, YI f-1 

Z2 1 r2 ; 

23 Y3 1 

1 Yl z, 

P2 1 z2 

P3 q3 z3 

Just as it was done by Biot [4], but ignoring the 
physical concept behind the quantities used in [4], let 
us write, for (7), three variational principles of the form 

Reference [1] gives the table of the values of vI for = Zi6Hij,=, -Zi6NilxCl, (12) 

different similarity numbers. in which 
Substitution of (6) transforms the system of 

equations (1) into three non-connected equations of 
the heat-conduction type 

&z! 
s 

1 
Z;dX; &=aHi 

2 0 aFo' 

-tMi(X,FO), (7) 
The quantities Z, and Hi in (12) are connected by the 

relations 

x “Fe 

.i! Mi(X, Fo)dFodX, 
0 i, 

(131 

Initial (2) and symmetry conditions (3), respectively, 
acquire the form 

With (13) and (14) taken into account, it is possible 
to show that equations (7) follow from (12). 

Z&X,0) = 0, ;; (0, Fo) = 0, 
In fact, since‘ 

(8) 'a2 
while the boundary conditions of the first and the 



Principle of molar-molecular he at- and mass-transfer phenomena 761 

then (12) may be written as 

Since 6H, are arbitrary variations, we have 

s XT dZ. 
---dX = 0. 

0 X ax 

From this, on performing differentiation of the both 
parts of this equality with respect to X and applying 
the second of relations (13), we obtain equations (7). 

If we assume that 

H: = H&z,, qzr . . .,a,,> X, Fob 

system of Lagrange equations of the form 

2 + jl(kGi + ~~~~dX)~dX = Qij 

(15) 

where q1 = qj(Fo) (j = 1,2,. . ., m) are generalized 
coordinates, then the second of relations (14) is 
satisfied automatically, while expressions (13) lead to a 

calculations remains without change. 
Under the boundary conditions of the first kind, for 

example, conditions (9) and f16) are satisfied, at the 
first stage, by the polynomials 

zi I= $[X - (1 - qi)]‘. 
I 

(17) 

Relations (13), with account for the fact that M, G 0 
and Hi = 0 at X = 1 - qi, yield the following 
expression for H, 

Hi = - $[X - (1 - qi)13. 
I 

(18) 

the form 

Substituting { 17) and (18) into (15) and integrating 
with respect to the spatial coordinate from 0 to 1 - qe 
we obtain, to determine qi at the first stage, the 

qilji = ; K, 

ordinary differential equations of 

whence 

(j= 1,2 ,..., m). 

Here 

Qii = &TE! 
%j x=0 

_Zi”H, 
&Ij X=1’ 

The use of the system of equations (15) allows 
construction of an approximate method for solving the 
molar-molecular heat- and mass-transfer problems. 

VARIATIONAL APPROACH TO SOLUTION OF 
THE MOLAR-MOLECULAR HEAT- AND MA~TRANSFER 

PROBLEMS 

Let us first consider the problem at M,(X, Fo) E 0. 
Introduce the concept of a “layer” of the combined 
potential Z, with the thickness denoted by 6, = &,(Fo). 
A characteristic feature of this “layer” is that beyond its 
boundaries the value of the respective potential 
coincides with its initial value while the phenomena of 
transport of this potential are absent : 

Zi(I -6i,FO)=O, “,“,i(l -6l,F0)=0. (16) 

The solution of the problem will be divided into two 
stages. The first stage will take place at 6i < 1, while the 
second will start from that moment of FOi when the 
layer thickness takes on the value Gi(FOi) = 1. At the 
first stage, for the generalized coordinate we shall take 
the thickness of the layer qi(Fo) = 6, while at the 
second stage, the value of the combined potential at 
X = 0: q,(Fo) = Z,(O, Fo). Approximation of the 
potentials Zi will be carried out by quadratic 
polynomials with respect to the space coordinate 
which, at the first stage, satisfy the boundary 
conditions and conditions (16), while at the second 
stage, the boundary and symmetry conditions. The 
practical application of the method will be 
demonstrated at r = 0. At r # 0, the sequence of 

l/Z 13 _ 
) Fo,=-. 

147K, 

Substitutionofq*into(l7)andof(i7)into(ll)yields 
the solution to the problem of interrelated heat and 
mass transfer at the first stage. 

At the second stage, the symmetry conditions (8) 
and boundary conditions (9) are satisfied by the 
polynomials 

Zi 5= qi( 1 - X2) + (DiX’. (19) 

With account for the initial condition Hi = 0 at 
X = 0, equations (19) and (13) yield 

while the Lagrange equations (15) take on the form 

42 
41 = 17 Ki(@i - 4th 

from which 

42 
rti = E&exp FO$) 

X[S~~~exp~Ki(FO - FoJ)dFo]. (20) 

Relations (19X (20) and (11) give an approximate 
solution to the problem at the second stage. 

The proposed method of solving the probfem of 
molar-molecular heat- and mass-transfer may be used 
in the same form also in the case when in the system of 
equations (1) A, = A,(Fo). The order of the solutions 
remains without change except for the fact that the first 
condition of (16) is written down as 

s 

FO 

Z,(l - Sj, Fo) = S,(Fo) = Mt(Fo)dFo (21) 
0 
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and is used in this form for the construction of the 
approximating polynomial at the first stage. 

The use, for the solution of the molar-molecular 

heat- and mass-transfer, of the concept of the 

combined potential “layer” and conjunction with the 

variational principle, generalized for the purpose, 
allows an indirect estimation of the accuracy of 

approximate solutions for the potentials 19~ sought by 

means of comparing the solutions to the heat- 
conduction equations for the potentials Zi, obtained 

by the variational method, with exact solutions of the 

corresponding problems. 
Expressions (11) governing the transition from the 

solutions for combined potentials to the solutions for 
the potentials 0, sought, may be written in the form 

6$(X, Fo) = i DijZj(X, Fo). (22) 
j=l 

Here Dij are some constants determined from (11) 
and expressed in terms of the similarity criteria. If AZi 

is an absolute error of the approximate solutions for 
the combined potentials, obtained by the variational 

approach, and AO, is an absolute error of the final 
solutions for the potentials O,, then by virtue of (22) we 

have 

A& = i Di,AZj 
j=l 

This expression shows that the accuracy of the final 

solutions depends on the value of the similarity 

numbers entering into (1) and on the accuracy attained 
in the solution of equations (7) transformed by the 

variational approach. In addition, this expression 
allows an a posteriori estimation of errors when there 
are accurate solutions of the heat-conduction 

problems for any values of the number Fo and the 
coordinate X. 

A comparison between the variational solutions of 

(17) and (19) and the exact solutions of equations (7) 
for constant boundary conditions is presented in Fig. 

1. A good agreement of these solutions is observed in a 
wide range of the Fo number. 

CONCLUSION 

Application, for the solution of the molar-molecular 
heat- and mass-transfer problems, of the method based 

on a simultaneous use of the system of equations 
transformed to three non-connected equations of the 

i-x 

FIG. 1. Comparison between the approximate (circles) and 
exact solutions (solid lines) for the transformed problem at 
constant boundary conditions of the first kind for an infinite 

plate. 

heat-conduction type, of the generalized variational 
principle written down for the transformed equations, 

and of the concept of the combined transport potential 
“1ayer”makes it possible to obtain simple approximate 
solutions to these problems. The availability of exact 

solutions of the heat-conduction problems and of an 
elementary procedure for the a posteriori estimation of 

errors for them make the variational solutions of the 

molar-molecular heat- and mass-transfer problems 
suitable for engineering applications and the method 

suggested, adequate for engineering calculations. 
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PRINCIPE VARIATIONNEL GENERALISE DES PHENOMENES 
DE TRANSFERT DE CHALEUR ET DE MASSE 

RbumC ~ On considere la mtthode de resolution des problemes de transfert de chaleur et de masse, baste: 
(1) sur la transformation des problemes avec un systeme d’tquations et des conditions aux limites de premiere 
et de deuxieme espece en des problbmes avec condition aux limites de troisibme espece; (2) sur l’application 
aux equations transformees du principe variationnel generalise; (3) sur le concept d’une “couche” pour le 
potentiel de transfert combine. 
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EIN VERALLGEMEINERTES VARIATIONSPRINZIP FUR 
MOLEKULARE WARME- UND STOFFUBERTRAGUNGSVORGANGE 

Zusammenfassung-Es wird eine Liisungsmethode des molekularen Warme- und Stoffiibertragungspro- 
blems behandelt, die auf folgenden Grundziigen beruht : Transformation der ersten und zweiten Randwer- 
taufgabe fiir ein System von Gleichungen in die drei Randwertaufgaben der Warmeleitungsgleichung; An 
wendung des verallgemeinerten Variationsprinzips auf die Formuherung der transformierten Gleichungen ; 

Verwendung des Konzepts einer ‘Schicht’ fur das kombinierte Potential des Transports. 

06OEIIIEHHbIti BAPWAHHOHHbIti IIPMHLHHI RBJIEHMfi MOJDIPHO- 
MOJIEKYJDIPHOI-0 TEIIJIO- I4 MACCOIIEPEHOCA 

Annorausa - Pacct4arprmaercn Meron pemennn sagas Monspuo-h4onekynnpnoro renno- w Macco- 
nepeeoca, OCHOLlaHHbIii Ha npeo6pa30naHHu, npHBOL,FlLUeM nepnylo w BTOpylO Kpaesble 3anaw nnrr 

CHCTeMbl ypaBHeHHfi K TpeM KpaeBblM 3ana'taM AWl ypaBHeHRR TennOnpOBOnHOCTH; Ha WCnOJIb30- 

BaHHH o606ureHHoro BapHauHoHHoro npliHuHna, 3anHCaHHOrO nnll npeO6pa30BaHHbIX ypaBHeHHfi H 

nomTm ((cnom KOM6kiHHpOBaHHOrO noTeHuwana nepesoca. 


